In this paper it is shown that Fano double quadrics of index 1 and dimension at least 6 are birationally superrigid if the branch divisor has at most quadratic singularities of rank at least 6. Fano double cubics of index 1 and dimension at least 8 are birationally superrigid if the branch divisor has at most quadratic singularities of rank at least 8 and another minor condition of general position is satisfied. Hence, in the parameter spaces of these varieties the complement to the set of factorial and birationally superrigid varieties is of codimension at least 
Introduction
Recall that a Fano double hypersurface of index 1 is defined as a projective algebraic variety V equipped with a morphism σ ∶ V → Q ⊂ P M+1 , where M ≥ 4, P M+1 is the complex projective space, Q is an irreducible hypersurface of degree m where 2 ≤ m ≤ M − 2 and σ is a double cover ramified over a divisor W ⊂ Q which is cut out on Q by a hypersurface W * ⊂ P M+1 of degree 2M −2m+2. The variety V can be realized as a complete intersection of codimension 2 in the weighted projective space P(1 M+2 , M − m + 1), given by the equations f (x 0 , . . . , x M+1 ) = 0, y 2 = g(x 0 , . . . , x M+1 ), where x 0 , . . . , x M+1 have weight 1 and y has weight M − m + 1. When m = 2, we call V a double quadric, and m = 3 a double cubic. The hypersurface Q is assumed to be non-singular throughout the paper. For shorthand we write P for P M+1 .
Let F m ⊂ P(H 0 (P, O P (m))) be the open set of non-singular hypersurfaces Q and let G = P(H 0 (P, O P (2M − 2m + 2))) be the parameter space of hypersurfaces W * . Then I m = F m × G is a natural parameter space for double hypersurfaces of degree 2m with respect to the ample class L = σ * O Q (1). Let S m ⊂ I m be the set of pairs (Q, W * ) such that the corresponding double hypersurface V is a factorial variety with at most terminal singularities (and therefore, a Fano variety with Pic V = ZK V , K V = −L ) which is birationally superrigid (we recall the definition of superrigidity in Section 2). The main result of this paper is the following claim. This result is derived from two more explicit claims.
Assume that M ≥ 6 and W has at most quadratic singularities of rank at least 6. Then V is factorial and birationally superrigid.
For the double cubic case, a small regularity condition is needed which we now introduce. Let σ ∶ V → Q ⊂ P be a double cubic, branched over W = W * ∩ Q. We say that V satisfies the condition (*) if for any non-singular point p ∈ W of the branch divisor in a system (z 1 , . . . , z M+1 ) of affine coordinates with the origin at p the hypersurfaces Q is given by the equation
where q i (z * ) are homogeneous of degree i and q 2 T p W ≢ 0. In the statements of Theorems 1.2 and 1.3 , the condition for the singularities to be quadratic of rank at least r is understood in the sense of [EP14] : for any point o ∈ W and a system z 1 , . . . , z M of analytic coordinates on V with the origin at o, the branch divisor is given by an analytic equation
where k ≥ r and h(z) stands for the terms of degree 3 and higher, see [EP14] for details.
The present paper continues a number of previous works. Superrigidity of generic (in particular, non-singular) double hypersurfaces was first shown in [Puk00a] . Certain singular cases were investigated in [Che06] , see also [Che05] . Cyclic covers of degree 3 and higher were studied in [Puk09] , triple spaces with isolated quadratic points in [Che04] . Double spaces of index 1 with higher-dimensional singular locus were shown to be birationally superrigid in [Mul10] . Here we work in the style of [EP14] , not only showing birational superrigidity of a certain class of Fano varieties but also estimating the codimension of the complement to the set of factorial and superrigid varieties. Such estimates are important due to applications to the theory of birational rigidity of Fano fibre spaces, see [Puk15b] .
The structure of the paper is as follows; in section 2 we recall the definition of birational superrigidity and prove Theorem 1.2. After that, we derive Theorem 1.1 from Theorems 1.2 and 1.3 . In section 3 we prove Theorem 1.3.
The author would like to thank Professor Aleksandr Pukhlikov for bringing this problem to their attention and for many useful conversations, comments and corrections.
Birationally superrigid double quadrics
In subsection 2.1 we recall the definitions of birational superrigidity and maximal singularity. In subsection 2.2 we prove Theorem 1.2. In subsection 2.3 we deduce Theorem 1.1 from Theorems 1.2 and 1.3.
Birational superrigidity.
Let X be a factorial Fano variety with terminal singularities. For any effective divisor D we define the threshold of canonical adjunction as
Example 2.1. If V is a double quadric satisfying the assumptions of Theorem 1.2 or a double cubic satisfying the assumptions of Theorem 1.3 then it is easy to see that V has at most quadratic (in particular, hypersurface) singularities and codim(Sing V ⊂ V ) ≥ 6 in the quadric case and codim(Sing V ⊂ V ) ≥ 8 in the cubic case. Therefore, as a corollary of Grothendieck's theorem on parafactoriality of local rings (see [CL94] ), V is factorial.
By the Lefschetz hyperplane theorem we have Pic V = ZL and by the adjunction formula,
is a linear system and D ∈ Σ, we set c(Σ, X) = c(D, X).
The same definitions of the threshold of canonical adjunction (for a divisor and a linear system) apply to non-singular projective rationally connected varieties as in Chapter 2, p.38 of [Puk13] .
Definition 2.1. For any mobile linear system Σ on a factorial Fano variety X with terminal singularities the virtual threshold of canonical adjunction is
where the infimum is taken over all birational morphisms X * → X with X * smooth and projective. Σ * is the strict transform of Σ on X * . See Chapter 2, p.39 of [Puk13] for details.
Definition 2.2.
A factorial Fano variety X with at most terminal singularities is birationally superrigid if for any mobile linear system Σ on X the equality
It is well known that birationally superrigid varieties have a number of interesting geometric properties: they cannot be fibred into rationally connected varieties in a non-trivial way, their groups of birational self-maps Bir X and biregular automorphisms Aut X coincide, they are non-rational ect. See Chapter 2 of [Puk13] for more details. Again, let X be a factorial Fano variety with at most terminal singularities and Pic X = ZK X .
Proposition 2.1. Assume that X is not birationally superrigid. Then there exists a mobile linear system Σ ⊂ −nK X , a birational morphism φ ∶ X * → X with X * smooth and projective and a φ-exceptional divisor E ⊂ X * such that the Noether-Fano inequality
holds.
Proof. See Chapter 2, Proposition 1.2, p.42 of [Puk13] . Although the case considered there is non-singular the arguments work in the factorial terminal case also.
The exceptional divisor E (more precisely, the geometric discrete valuation ord E ) which satisfies the Noether-Fano inequality as stated in Proposition 2.1 is called a maximal singularity of the system Σ.
Thus, in order to prove that a given Fano variety is birationally superrigid one must show that there are no mobile linear systems with a maximal singularity on this variety. An important particular case of a maximal singularity is a maximal subvariety. For X, Σ, n ≥ 1 as above, we say that an irreducible subvariety Y ⊂ X, Y ⊄ Sing X of codimension at least 2 is a maximal subvariety of a linear system Σ if mult Y Σ > n(codim Y − 1).
Double quadrics.
Let us prove Theorem 1.2. Assume that Σ ⊂ nL is a mobile linear system with a maximal singularity E ⊂ V * , where φ ∶ V * → V is a birational morphism from a non-singular projective variety V * . Let B = φ(E) be the centre of E on V . Assume first that codim B ≥ 3. Proof. See Proposition 1 in [EP14] and Proposition 2.4 in [Puk15a] .
Now as the linear system L defines precisely the double cover σ, for any point o ∈ B we get the inequality
We conclude that the case when codim B ≥ 3 is impossible.
We now consider the case when B is a subvariety of codimension 2. Then it is a maximal subvariety of the linear system Σ and the inequality mult B Σ > n holds. We define + 1 in G. This is easily done by a standard dimension count. Fix a point p ∈ Q.
The hypersurface Q is given by an equation
in some system of affine coordinates with origin at p. The hypersurface W * is given by an equation
where w i are homogeneous of degree i (we assume that p ∈ W -otherwise the case is trivial). Violation of the assumptions of Theorem 1.2 at p means that w 1 = λq 1 for some λ ∈ C and w 2 q 1 =0 is a quadratic form of rank at most 5. This imposes
independent conditions on the coefficients of the polynomial g. Now the standard dimension count (the point p varies in the intersection W = W * ∩ Q) completes the proof of Theorem 1.1 in the case of double quadrics. In the case of double cubics we have almost identically the same estimates for the condition on the singularities of W . However, we also have the condition (*). Again, we consider first the violation of (*) at a fixed point p ∈ W . The condition
for fixed q 1 , w 1 (in the notations above) imposes
independent conditions on q 2 . Therefore, the set of pairs (f, g), such that in a system of affine coordinates with the origin at some point p ∈ {f = g = 0} the condition (*) is violated is of codimension at least
in the parameter space. As this number is higher than M−6 2 + 1, the proof of Theorem 1.1 is complete.
Birationally superrigid double cubics
In this section we prove Theorem 1.3. First we exclude maximal singularities the centre of which is not contained in the singular locus Sing V (Subsection 3.1). We then exclude maximal singularities with the centre inside Sing V (Subsections 3.2 and 3.3). 
Maximal singularities
Intersecting Y with one which does not contain Y , we obtain an effective cycle Y * ∼ lL 3 of codimension 3 such that mult o Y * > 8l. As deg L Y * = 6l, we obtain a contradiction.
The same argument works in the case of B such that σ(B) ⊂ W but also σ(B) ∩ W ⊂ Sing W , provided we take p such that p ∈ σ(B) ∩ W , else σ −1 (p) is not well defined. Therefore, the last case to consider is a maximal singularity such that its centre B satisfies the property σ(B) ⊂ W and σ(B) ∩ W ⊂ Sing W .
In that case codim B ≥ 6. We take a general point o ∈ B such thatō = σ(o) ∈ W . Let ψ ∶ V + → V be the blow up of the point o and let E = ψ −1 (o) be the exceptional divisor. By the 8n 2 -inequality (See Chapter 2, Theorem 4.1, p74 of [Puk13] , [Puk10] ), there is a linear subspace Ψ ⊂ E ≅ P M−1 of codimension 2, such that the self-intersection Z of Σ satisfies the property
Z + being its strict transform on V + . As σ gives an isomorphism of local rings O o,V and Oō ,Q , we can find a hyperplane H ⊂ P, such that σ −1 (H Q ) + contains Ψ, where H Q = H ∩Q is the corresponding hyperplane section. As such hypersurfaces form a 2-dimensional linear system, we may assume that σ −1 (H Q ) contains none of the components of Z, so the cycle
We have inspected all options for the case B ⊂ Sing V . Therefore we may assume that B ⊂ Sing V and so σ(B) ⊂ Sing W .
Inversion of adjunction. Fix a general point o ∈ B.
As the singularities of W are quadratic of rank at least 8, the singularities of V are quadratic of rank at least 9.
Near the point o we may consider the germ o ∈ V analytically as a germ of a hypersurface in C M+1 . Let X ∋ o be the section of the germ o ∈ V by a generic 5-plane containing the point o. Then o ∈ X is a germ of an isolated quadratic singularity of rank 5. Let π ∶ V + → V and π X ∶ X + → X be the blow ups of the point o, and 
Proof. For the inequality v > n, see Chapter 7, Proposition 2.7, p.308 of [Puk13] . For the
In particular, ν < 2n, which implies that the pair (X + ,
is non log-canonical and the centers of log-canonical singularities are contained in E X . Moreover, by the connectedness principal (Chapter 17 of [MR192] ) the union of centres of all non log-canonical singularities is a connected subset of E X . We therefore have 3 cases to consider:
is non log-canonical at a point p X ∈ E X . Lemma 3.1. Case 1 cannot occur.
Proof. In this case the pair (X + ,
is non log-canonical at an irreducible divisor R X ⊂ E X , which is a section of an irreducible divisor R ⊂ E. Therefore, the O E (1)-degree of R is at least 2. We now compute as in the proof of Theorem 4.1 in Chapter 2 of [Puk13] (see also [Che05] , [Puk10] ). Using the fact that (X + , Proof. We note that p X = S ∩ E X where S must be a linear subspace of codimension 3 on E, as E X is a generic section of E. Since a quadric of rank at least 9 does not contain a linear subspace of codimension 3, we arrive at a contradiction.
Therefore the only case left is case 2: (X + ,
is non log-canonical at an irreducible curve Y X which is a section of an irreducible subvariety Y ⊂ E of codimension 2.
3.3. Centre at an irreducible curve. Write the self-intersection of the linear system Σ
where Z * X is an effective divisor on E X , which is the restriction onto E X of an effective divisor Z * on E. We have the 4n 2 -inequality 
Our next observation is that Y must be a section of E by a linear subspace of codimension 2 (recall that E is a quadric with a natural embedding in projective space). Indeed, since E is a quadric of rank at least 9, Y is numerically equivalent to βH 2 E for some β ≥ 1. Q (ō) the exceptional divisor, E ≅ P M−1 . Note that σ ∶ V → Q extends to σ + ∶ V + → Q + , where σ + E ∶ E → E is a double cover branched over the quadric W + ∩ E. We now have two cases:
• σ + (Y ) is a linear subspace in E of codimension 2 and σ + Y is a double cover • σ + (Y ) = Y is a quadric in a hyperplane in E and σ + Y is birational.
The first case can be excluded by the same arguments used in subsection 3.1, where the 8n 2 -inequality was applied. We now consider the second case. For a quadric hypersurface cone Λ ⊂ P with vertexō, set Λ Q = Λ Q = Λ ∩ Q. Take a general cone Λ such that Λ + Q ∩ E contains Y , so that σ −1 (Λ Q ) + contains Y . By generality, σ −1 (Λ Q ) contains none of the components of Z so the cycle
is well defined. Its L-degree is 12n 2 . Now by standard intersection theory (See Chapters 1-3, [Ful98] 
